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PROJECTIVE REPRESENTATIONS OF THE INHOMOGENEOUS
HAMILTON GROUP: NONINERTIAL SYMMETRY IN
QUANTUM MECHANICS
S G LOW, P D JARVIS, AND R CAMPOAMOR-STURSBERG
Abstract. Symmetries in quantum mechanics are realized by the projective
representations of the Lie group as physical states are defined only up to a
phase. A cornerstone theorem shows that these representations are equiva-
lent to the unitary representations of the central extension of the group. The
formulation of the inertial states of special relativistic quantum mechanics as
the projective representations of the inhomogeneous Lorentz group, and its
nonrelativistic limit in terms of the Galilei group, are fundamental examples.
Interestingly, neither of these symmetries includes the Weyl-Heisenberg group;
the hermitian representations of its algebra are the Heisenberg commutation
relations that are a foundation of quantum mechanics. The Weyl-Heisenberg
group is a one dimensional central extension of the abelian group and its uni-
tary representations are therefore a particular projective representation of the
abelian group of translations on phase space. A theorem involving the auto-
morphism group shows that the maximal symmetry that leaves invariant the
Heisenberg commutation relations are essentially projective representations of
the inhomogeneous symplectic group. In the nonrelativistic domain, we must
also have invariance of Newtonian time. This reduces the symmetry group
to the inhomogeneous Hamilton group that is a local noninertial symmetry of
Hamilton’s equations. The projective representations of these groups are cal-
culated using the Mackey theorems for the general case of a nonabelian normal
subgroup.
1. Introduction
Projective representations are required in quantum mechanics as the physical
states in quantum mechanics are rays. A ray is an equivalence class of states in a
Hilbert space that are defined up to a phase. A cornerstone theorem states that any
projective representation of a Lie group is equivalent to the unitary representations
of the central extension of the group. The central extension of a connected1 group
is unique and simply connected. Levi’s theorem states that every simply connected
Lie group is equivalent to the semidirect product of a semi-simple group and a solv-
able normal group [1]. Mackey’s theorems provide the method of determining the
unitary irreducible representations of a general class of semidirect product groups
[2]. We review in Section 2 these theorems that are fundamental to the application
of symmetry groups in quantum mechanics and enable us to compute the projective
representations of a very general class of connected Lie groups.
Date: June 7, 2011.
1Connected means that all elements of the group are path connected to the identity
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The inertial states of special relativistic quantum mechanics are given by the pro-
jective representations of the inhomogeneous Lorentz group [3],[4]. The inhomoge-
neous connected Lorentz group is the semidirect product, ILp1, nq  Lp1, nqbsApnq
where Apnq  pRn, q is the solvable abelian normal subgroup and the connected
semisimple group is Lp1, nq2. Its central extension, denoted by the inverted caret,
does not have an algebraic extension and is therefore equal to its universal cover,
denoted by a bar, |ILp1, nq  ILp1, nq. For n  3, this is the Poincaré group
ILp1, 3q  SLp2,Cq bs Ap4q where Lp1, 3q  SLp2,Cq
3 [5],[6]
This is a truly remarkable and beautiful application of symmetry in physics.
Starting simply with the inhomogeneous Lorentz symmetry of special relativity and
the quantum mechanical condition that physical states are rays in a Hilbert space,
the general group theory theorems result in the Hilbert spaces of the irreducible
representations of the inertial states of special relativistic quantum mechanics la-
beled by the eigenvalues of the hermitian representation of the Casimir operators.
For massive states, these eigenvalues are mass and spin where spin takes on in-
tegral and half integral values. The half integral values associated with fermions
are a consequence of the central extension that is the Poincaré group. The central
extension is a direct consequence of physical states being rays that are equivalence
classes of states in a Hilbert space related by a quantum phase. Thus the quantum
phase leads directly to the existence of fermion states.
However, there is no mention of the Weyl-Heisenberg group; the Heisenberg com-
mutation relations, that are fundamental to quantum mechanics, are the hermitian
representation of the algebra for the unitary representations of the Weyl-Heisenberg
group.
This is not a a consequence of special relativity as the Weyl-Heisenberg group
does not appear in the nonrelativistic formulation either. The non-relativistic
Inönü-Wigner contraction of the inhomogeneous Lorentz group is given by the in-
homogeneous Euclidean group IEpnq  EpnqbsApn 1q. Epnq is the homogeneous
group, Epnq  SOpnq bs Apnq, that is the non-relativistic limit of Lp1, nq and is
parameterized by rotations and velocity [7]. The central extension of IEpnq admits
a one parameter algebraic extension, the generator of which is mass. This algebraic
central extension defines the Galilei group Gapnq whose cover is the full central
extension, |IEpnq  Gapnq  EpnqbsApn 2q [7],[8]. In this case, the group theory
results in representations that include inertial states with nonzero mass and energy
with momentum diagonal that are elements of a Hilbert space of square integrable
functions over Rn. (For n  3, this is the usual 3-momentum.) Again, there is no
mention of the Weyl-Heisenberg group.
Let us put aside these relativistic considerations for a moment and instead con-
sider a phase space P that has a symplectic 2-form ω with a symmetry group Spp2nq.
The elements of the group may depend on the location in phase space and therefore
2Lp1, nq is the connected component of Op1, nq.
3We note as a case where the symmetry group is not connected that this may be extended
to the groups IOp1, nq and ISOp1, nq that have the discrete symmetries parity-time-reversal,
p1, P, T,PTq and p1,PTq respectively where P is parity and T is time-reversal. These groups are
not connected and have 2 and 4 components respectively. While the central extension of a group
that is not connected is not necessarily unique, it turns out that, for ISOp1, nq it is unique and
is given in terms of the Spinpnq group that is the unique cover of SOp1, nq. On the other hand,
Op1, nq has 8 non-isomorphic covers that include the Pinp1, nq group. [5], [6]
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the symmetry is local. Diffeomorphisms φ : PÑ P that leave invariant the symplec-
tic metric, φpωq  ω, are the usual position-momentum canonical transformations
of classical mechanics. Locally, the Jacobian of the diffeomorphsims must be an
element of the symplectic group. If P  R2n, then there is also a translational
symmetry and the symmetry group is ISpp2nq  Spp2nq bs Ap2nq.
Consider the projective representations of ISpp2nq that by the fundamental the-
orem, are the unitary representations of its central extension, I|Spp2nq  Spp2nqbs
Hpnq. The Weyl-Heisenberg group Hpnq is a one parameter central extension of
the abelian group Ap2nq. This is the Weyl-Heisenberg group for which the commu-
tators of the hermitian representation of the algebra are precisely the Heisenberg
momentum-position commutation relations. It is a direct consequence of the phys-
ical states being rays that are equivalence classes of states in the Hilbert phase up
to a phase that this noncommutative structure arises4[9].
If one instead were to consider the projective representation of the abelian
group by itself, then the central extension qAp2nq is required. This central ex-
tension is in general np2n  1q dimensional. It is the presence of the symplec-
tic homogeneous group that constrains it to precisely the Weyl-Heisenberg group.
In fact, an automorphism theorem (Theorem 5) that we will review in the next
section, constrains a semidirect product with Hpnq as a normal subgroup to be
a group homomorphic to a subgroup of the automorphism group of the Weyl-
Heisenberg group. The connected component of the automorphism group is just the
inhomogeneous symplectic group with an addition conformal multiplicative term,
AutHpnq  D|Spp2nq where DSpp2nq  D bs ISpp2nq and D  pR
 ,q. One can
show that D|Spp2nq  D bs I|Spp2nq and therefore it is the symplectic group that
constrains the central extension to be the Weyl-Heisenberg group. Furthermore,
this is the maximal group that leads to the Wey-Heisenberg group as a result of a
central extension.
The above considerations also apply to extended phase space with the addition
of time and energy degrees of freedom. This results in a symplectic 2-form that
may be put in the form
ω  ζα,βdz
αdzβ  δi,jdp
i
^ dqj   dt^ dε.
As there is no relativistic line element to distinguish time, this is just a symplectic
manifold with an additional two degrees of freedom. If P  R2n 2, the symmetry is
now ISpp2n  2q. The maximal symmetry for which the central extension results
in the Weyl-Heisenberg group is DSpp2n   2q with D|Spp2n   2q  D bs Spp2n  
2qbsHpn 1q. The hermitian representations of the algebra now, at least formally,
include the time, energy commutation relations.
We now have the situation where we have a symmetry group whose projective
representations result in a Weyl-Heisenberg group that gives us the Heisenberg
commutation relations. But as mentioned, we do not have a relativistic line element
to define invariant time. For special relativity, this is just the Minkowski line
element left invariant by the Lorentz group. In the nonrelativistic limit, it reduces
to Newtonian time
dτ2  dt2 
1
c2
dq2 Ñ
cÑ8
dt2
4Note the quote from Dirac at the beginning of the Discussion section.
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The invariance group for dt2 on an m dimensional space is the affine group
IGLpm 1,Rq
mathrmciteGlimore2. If one also requires length to be invariant, it reduces to
the inhomogeneous Euclidean group IEpmq that is the nonrelativistic limit of the
inhomogeneous Lorentz group discussed above.
In this paper, we are going to focus on the nonrelativistic case, for which dt2 is
invariant, along with the maximal invariance group for the Heisenberg commutation
relations5. The intersection of the affine group and the homogeneous group D bs
Spp2n  2q is the group HSpp2nq  Spp2nq bs Hpnq. This group is acting on the
tangent space and this Weyl-Heisenberg group is parameterized by force, velocity
and power. To understand more clearly the meaning of this symmetry, consider
diffeomorphisms φ : P Ñ P that leave both ω and dt2 invariant: φpωq  ω and
φpdt2q  dt2. Then the Jacobian of this diffeomorphism must be an element
of HSpp2nq. The semidirect group properties imply that the diffeomorphism
can be written as φ  ϕ  rϕ where both ϕ and rϕ are diffeomorphisms. The
Jacobian of rϕ take their values in Spp2nq and are therefore just the usual canonical
transformations. The Jacobian of ϕ take their values inHpnq (that is parameterized
by force, velocity and power) and this can be shown to be equivalent to Hamilton’s
equations [11]. In fact, HSpp2nq is the maximal local symmetry of Hamilton’s
equations. Requiring also invariance of length reduces theHSpp2nq to the Hamilton
group that is defined to be Hapnq  SOpnq bs Hpnq.
The projective representations of IHSpp2nq  HSpp2nq b Ap2n   2q are the
unitary representations of its central extension
IH|Spp2nq  HSpp2nq bs Hpn  1q  Spp2nq bs Hpnq bs Hpn  1q
The hermitian representation of the algebra of Hpn   1q are the Heisenberg
commutation relations. The group Hpnq, on the other hand, is parameterized by
force, velocity and power and acts, along with Spp2nq, on the tangent or cotangent
space of P.
The projective representations of IHapnq  Hapnq b Ap2n   2q are also the
unitary representations of its central extension that we will show is
I|Hapnq  Hapnq bs Hpn  1q  SOpnq bs Hpnq bs pHpn  1q bAp2qq
The above comments on Hpnq and Hpn   1q apply here also. The group Gapnq
is an inertial subgroup of I|Hapnq. This group has both the symmetry of Galilean
relativity as its inertial special case and the Weyl-Heisenberg group that leads to
the Heisenberg commutation relations.
The outline of the paper is as follows. Section two presents the mathematical
framework that provides the theorems that enable the projective representations of
a very general class of connected Lie groups to be determined in a fully tractable
manner. These theorems are fundamental to symmetry in quantum mechanics as
physical states are rays in a Hilbert space and therefore require projective repre-
sentations
Section 3 studies the central extension of the inhomogeneous Hamilton group.
The Hamilton group is of interest as it is a symmetry of the classical nonrelativistic
Hamilton’s equations from which it derives its name. This local symmetry is valid
for both inertial and noninertial states. The Euclidean subgroup parameterized by
5Comments on the relativistic case are given in the Discusssion section.
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rotations and velocity is the inertial subgroup. The projective representations of
the inhomogeneous Euclidean subgroup result in the inertial states of nonrelativistic
quantum mechanics. This motivates the study of the projective representations of
the inhomogeneous Hamilton group for the more general noninertial states.
Section 4 of this paper studies the projective representations of the inhomoge-
neous Hamilton group, IHapnq as a global symmetry. This requires us to use the
full power of the theorems of Section 2, including the nonabelian normal subgroup
case of the Mackey theorems. As preliminary steps we use the theorems to compute
the representations of the Weyl-Heisenberg group and the Hamilton group as these
are required in the full result. As the theorems are required in their general form,
these calculations are illustrative of how the projective representations of a general
class of groups can be computed. The physical application of these representations
are then discussed.
2. Mathematical framework
In this section we review a set of theorems that enable us to compute the pro-
jective representations for a general class of connected Lie groups. We refer to the
cited literature for full proofs as several of the theorems are deep. Our purpose
here is to assemble the theorems in a form that, when applied together, provide us
with tractable tools to compute this general class of representations that includes
the much studied unitary6 and inhomogeneous Lorentz group cases. These are fun-
damental theorems on the application of symmetry groups in quantum mechanics.
Our notation for a semidirect product is G  K bs N where N is the normal
subgroup and K is the homogeneous subgroup such that KXN  e and G  NK7.
A semidirect product is right associative in the sense that D  pAbsBqbsC implies
that D  Abs pBbsCq and so brackets can be removed. However D  Abs pBbsCq
does not necessarily imply D  pA bs Bq bs C as B is not necessarily a normal
subgroup of A.
Definition 1. An algebraic central extension of a Lie algebra g is the Lie algebra
qg that satisfies the following short exact sequence where z is the maximal abelian
algebra that is central in qg,
0 Ñ z Ñ qg Ñ g Ñ 0. (1)
where 0 is the trivial algebra. Suppose tXau is a basis of the Lie algebra g with
commutation relations rXa, Xbs  c
c
a,bXc, a, b  1, ...r. Then an algebraic central
extension is a maximal set of central abelian generators tAαu, where α, β, ... 
1, ..m, such that
rAα, Aβs  0, rXa, Aαs  0, rXa, Xbs  c
c
a,bXc   c
α
a,bAα (2)
The basis tXa, Aαu of the centrally extended Lie algebra must also satisfy the
Jacobi identities. The Jacobi identities constrain the admissible central extensions
6SUpnq }SUpnq and is semisimple so the theorems are trivial in this case. ILp1, nq has an
abelian normal subgroup for which the theorems simplify. As these are the most studied groups
in physics, these more general theorems generally have not received the attention they deserve as
the key theorems of symmetry in quantum mechanics
7The notation for a semidirect product varies with many authors placing the normal subgroup
on the left and the reader should be sure to check conventions. Note that the semidirect product
differs from a direct product in that multiplication of the normal group from the right is G 
pςNKqN where ςh : G Ñ G : g ÞÑ hgh
1, h P N .
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of the algebra. The choice Xa ÞÑ Xa   Aa will always satisfy these relations and
this trivial case is exclude. The algebra qg constructed in this manner is equivalent
to the central extension of g given in Definition 1.
Definition 2. The central extension of a connected Lie group G is the Lie group
qG that satisfies the following short exact sequence where Z is a maximal abelian
group that is central in qG
eÑ Z Ñ qG
π
Ñ G Ñ e. (3)
The abelian group Z may always be written as the direct product Z  ApmqbA
of a connected continuous abelian Lie group Apmq  pRm, q and a discrete abelian
group A that may have a finite or countable dimension [12],[13].
The exact sequence may be decomposed into an exact sequence for the topological
central extension and the algebraic central extension,
eÑ AÑ G
π
Ñ G Ñ e, eÑ Apmq Ñ qG
rπ
Ñ G Ñ e. (4)
where π  π  rπ. The first exact sequence defines the universal cover where
A  kerπ is the fundamental homotopy group. All of the groups is in the second
sequence are simply connected and therefore may be defined by the exponential
map of the central extension of the algebra given by Definition 1. In other words,
the full central extension may be computed by determining the universal covering
group of the algebraic central extension.
A ray Ψ is the equivalence class of states |ψy in a Hilbert space H up to a phase,
Ψ 
 
eiω |ψy |ω P R
(
, |ψy P H (5)
Note that the physical quantities that are the square of the modulus depend only
on the ray
| pΨβ ,Ψαq |
2
 |xψβ |ψαy|
2
for all |ψγy P Ψ.
Definition 3. A projective representation ̺ of a symmetry group G is the max-
imal representation such that for | rψγy  ̺pgq|ψγy, the modulus is invariant
|x
rψβ| rψαy|
2
 |xψβ|ψαy|
2 for all |ψγy, | rψγy P Ψ.
Theorem 1. (Wigner, Weinberg) Any projective representation of a Lie sym-
metry group G on a separable Hilbert space is equivalent to a representation that
is either linear and unitary or anti-linear and anti-unitary. Furthermore, if G is
connected, the projective representations are equivalent to a representation that is
linear and unitary [14],[4].
This is the generalization of the well known theorem that the ordinary represen-
tation of any compact group is equivalent to a representation that is unitary. For
a projective representation, the phase degrees of freedom of the central extension
enables the equivalent linear unitary or antilinear antiunitary representation to be
constructed for this much more general class of Lie groups that admit representa-
tions on separable Hilbert spaces. (A proof of the theorem is given in Appendix
A of Chapter 2 of [4]). The groups that this theorem applies to include the non-
compact inhomogeneous Euclidean, Lorentz, Hamilton or unitary groups that are
studied in this paper.
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Theorem 2. (Bargmann, Mackey) The projective representations of a con-
nected Lie group G are equivalent to the ordinary unitary representations of its
central extension qG [12],[13].
Theorem 1 states that are all projective representations are equivalent to a pro-
jective representation that is unitary. A phase is the unitary representation of a
central abelian subgroup. Therefore, the maximal representation is given in terms
of the central extension of the group. Appendix A shows how this definition is
equivalent to the formulation of a projective representation as an ordinary unitary
representation that is defined up to a phase, ̺pγ1q̺pγq  eiθ̺pγ1γq[12],[13].
Theorem 3. Let G,H be Lie groups and π : G Ñ H be a homomorphism. Then, for
every unitary representation r̺ of H there exists a degenerate unitary representation
̺ of G defined by ̺  r̺π. Conversely, for every degenerate unitary representation
of a Lie group G there exists a Lie subgroup H and a homomporphism π : G Ñ H
where kerpπq  e such that ̺  r̺  π where r̺ is a unitary representation of H.
Noting that a representation is a homomorphism, This theorem follows straight-
forwardly from the properties of homomorphisms. As a consequence, the set of de-
generate representations of a group is characterized by its set of normal subgroups.
A faithful representation is the case that the representation is an isomorphism.
Theorem 4. (Levi) Any simply connected Lie group is equivalent to the semidirect
product of a semisimple group and and a maximal solvable normal subgroup [1].
As the central extension of any connected group is simply connected, the problem
of computing the projective representations of a group always can be reduced to
computing the unitary irreducible representations of a semidirect product group
with a semisimple homogeneous group and a solvable normal subgroup. The unitary
irreducible representations of the semisimple groups are known and the solvable
groups that we are interested in turn out to be the semidirect product of abelian
groups.
Theorem 5. Any semidirect product group G  K bs N is a subgroup of a group
homomorphic to the group of automorphisms of the normal subgroup, G  AutN
[1].
This theorem places constraints on the admissible semidirect product groups
that have a given normal subgroup. For example, the automorphism group of the
abelian group is
AutApmq  Z2 bs D bs GLpm,Rq bs Apmq,D 
 
R
 ,

, (6)
whereas the automorphism group of the Weyl-Heisenberg group Hpmq is [15],[16]
AutHpmq  Z2 bs D bs Spp2mq bs Hpmq. (7)
This means that there does not exist a semidirect product of the form SOp2mqbs
Hpmq as SOp2mq is not a subgroup of Spp2mq. On the other hand, the semidirect
product Hapnq  SOpmq bs Hpmq is admissible as SOpmq  Spp2mq.
2.1. Mackey theorems for the representations of semidirect product groups.
The Mackey theorems are valid for a general class of topological groups but we will
only require the more restricted case G  KbsN where the group G and subgroups
K,N are smooth Lie groups. The central extension of any connected Lie group
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is simply connected and therefore generally has the form of a semidirect product
due to Theorem 3 (Levi)8. Theorem 5 further constrains the possible homogeneous
groups K of the semidirect product given the normal subgroup N .
The first Mackey theorem is the induced representation theorem that gives a
method of constructing a unitary representation of a group (that is not necessarily
a semidirect product group) from a unitary representation of a closed subgroup.
The second theorem gives a construction of certain representations of a certain
subgroup of a semidirect product group from which the complete set of unitary
irreducible representations of the group can be induced. This theorem is valid
for the general case where the normal subgroup N is a nonabelian group. In the
special case where the normal subgroup N is abelian, the theorem may be stated
in a simpler form.
Theorem 6. (Mackey) Induced representation theorem. Suppose that G is
a Lie group and H is a Lie subgroup, H  G such that K  G{H is a homogeneous
space with a natural projection π : G Ñ K, an invariant measure and a canonical
section Θ : KÑ G : k ÞÑ g such that π ΘIdK where IdK is the identity map on
K. Let ρ be a unitary representation of H on the Hilbert space Hρ:
ρphq : Hρ Ñ Hρ : |ϕy ÞÑ |rϕy  ρphq |ϕy , h P H.
Then a unitary representation ̺ of a Lie group G on the Hilbert space H̺,
̺pgq : H̺ Ñ H̺ : |ψy ÞÑ



rψ
E
 ̺pgq |ψy , g P G,
may be induced from the representation ρ of H by defining
rψpkq  p̺pgqψq pkq  ρpgqψpg1kq, g  Θpkq
1
gΘpg1kq (8)
where the Hilbert space on which the induced representation ̺ acts is given by H̺ 
L
2
pK, Hρq [2], [1].
The proof is straightforward given that the section Θ exists by showing first that
g P kerpπq  H and therefore ρpgq is well defined.
Definition 4. (Little groups) Let G  K bs N be a semidirect product. Let
rξs P UN where UN denotes the unitary dual whose elements are equivalence
classes of unitary representations of N on a Hilbert space Hξ. Let ρ be a unitary
representation of a subgroup G  K bs N on the Hilbert space H
ξ such that
ρ
|N  ξ. The little groups are the set of maximal subgroups K
 such that ρ exists
on the corresponding stabilizer G  KbsN and satisfies the fixed point equation
pςρpkqrξs  rξs , k P K
. (9)
In this definition the dual automorphism is defined by
 
pςρpgqξ

phq  ρpgqρphqρpgq
1
 ρpghg1q  ξpςghq (10)
for all g P G and h P N . The equivalence classes of the unitary representations of
N are defined by
rξs 
 
pςξphqξ|h P N
(
. (11)
A group G may have multiple little groups Kα whose intersection is the identity
element only. We will generally leave the label α implicit.
8The semisimple or solvable group may be trivial in which case the semidirect product is trivial
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Theorem 7. (Mackey) Unitary irreducible representations of semidirect
products. Suppose that we have a semidirect product Lie group G  K bs N ,
where K,N are Lie subgroups. Let ξ be the unitary irreducible representation of N
on the Hilbert space Hξ. Let G  KbsN be a maximal stabilizer on which there
exists a representation ρ on Hξ such that ρ|N  ξ. Let σ be a unitary irreducible
representation of K on the Hilbert space Hσ. Define the representation ̺  σb ρ
that acts on the Hilbert space H̺

 H
σ
b H
ξ. Determine the complete set of
stabilizers and representations ρ and little groups that satisfy these properties, that
we label by α,tpG, ̺,H̺

qαu. If for some member of this set G

 G then for this
case the representations are pG, ̺,H̺qpG, ̺,H̺

q. For the cases where the
stabilizer G is a proper subgroup of G then the unitary irreducible representations
pG, ̺,H̺q are the representations induced (using Theorem 6) by the representations
pG, ̺,H̺

q of the stabilizer subgroup. The complete set of unitary irreducible
representations is the union of the representations YαtpG, ̺,H
̺
qαu over the set of
all the stabilizers and corresponding little groups [2].
This major result and its proof are due to Mackey [2]. Our focus in this paper
is on applying this theorem.
2.1.1. Abelian normal subgroup. The theorem simplifies for special cases where the
normal subgroupN is an abelian group, N  Apnq. From Theorem 5, a semidirect
product with Apnq as a normal subgroup is a subgroup of a homomorphism of the
automorphism group (6).
An abelian group has the property that its unitary irreducible representations ξ
are the characters acting on the Hilbert space Hξ  C,
ξpaq |φy  eiaν |φy , a, ν P Rn. (12)
The unitary irreducible representations are labeled by the νi that are the eigen-
values of the hermitian representation of the basis tAiu of the abelian Lie algebra,
pAi |φy  ξ
1
pAiq |φy  νi |φy . (13)
The equivalence classes rξs P UApnq each have a single element rξs  ξ as, for the
abelian group, the expression (11) is trivial. The representations ρ act on Hξ  C
and are one dimensional and therefore must commute with the ξ. Therefore, in
equation (10), ρpgqξphqρpgq
1
 ξphq and (9) simplifies to
ξpaq  ξpςkaq  ξpkak
1
q, a P Apmq, k P K. (14)
Theorem 8. (Mackey) Unitary irreducible representations of a semidirect
product with an abelian normal subgroup. Suppose that we have a semidirect
product group G  K bs A where A is abelian. Let ξ be the unitary irreducible
representation (that are the characters) of A on Hξ  C. Let K  K be a Little
group defined by (14) with the corresponding stabilizers G  K bs A. Let σ be
the unitary irreducible representations of K on the Hilbert space Hσ. Define the
representation ̺  σ b ξ of the stabilizer that acts on the Hilbert space H̺


H
σ
b C. The theorem then proceeds as in the case of the general Theorem 7.
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3. The central extension of the inhomogeneous Hamilton group
Consider a 2n  2 dimensional extended phase space manifold P  R2n 2 with
coordinates pqi, pi, t, εq, i, j, ...  1, ..., n, that respectively are interpreted as posi-
tion, momentum, time and energy degrees of freedom. Assume that these are global
canonical coordinates in which a symplectic two form is ω  dε^dt δi,jdp
i
^dqi
and the invariant Newtonian time element is dt2. HSpp2nq  Spp2nq bs Hpn  1q
is the connected symmetry group that leaves both ω and dt2 invariant. That
is, a diffeomorphism ϕ : P Ñ P for which the pullbacks satisfy ϕpωq  ω and
ϕpdt2q  dt2 have Jacobians that are elements of the local symmetry group
HSpp2nq. This can be shown to be equivalent to the diffeomorphisms satisfying
Hamilton’s equations [11]. The subgroup of HSpp2nq that leaves invariant both
dq2 and dp2 is the Hamilton group,
Hapnq  SOpnq bs Hpnq. (15)
The Weyl-Heisenberg group is the semidirect product of two abelian groups,
Hpnq  Apnq bs Apn  1q, (16)
that is a simply connected solvable group. In this case, it is parameterized by ve-
locity v, force f and power r. It is a one parameter central extension of Ap2nq9. As
the extended phase space is P  R2n 2, it is also invariant under the abelian trans-
lation group Ap2n  2q. The full symmetry group is the inhomogeneous Hamilton
group
IHapnq  Hapnq bs Ap2n  2q. (17)
The projective representations of the inhomogeneous Hamilton group are given
by the unitary representations of its central extension. The central extension has
been determined in [16] to be I|Hapnq  QHapnq where QHapnq is the quantum
mechanical Hamilton group that is defined to be the 3 parameter algebraic central
extension of IHapnq,
QHapnq  Hapnq bs pHpn  1q bAp2qq . (18)
In this semidirect product form, the homogeneous group K is the Hamilton group
and the normal subgroup is the solvable group N  Hpn   1q b Ap2q. We will
see shortly that the hermitian representation of the algebra corresponding to the
unitary representations of the Weyl-Heisenberg subgroup Hpn   1q are precisely
the Heisenberg commutation relations for momentum and position and energy and
time. Expanding the Hamilton group with (15) and using the right associativity
of the semidirect product, the full central extension may be written as
I|Hapnq  QHapnq  SOpnq bs Hpnq bs pHpn  1q bAp2qq . (19)
This satisfies Levi’s Theorem 4 where the simply connected semisimple group is
K  SOpnq and the simply connected maximal solvable normal subgroup is N 
Hpnq bs pHpn  1q bAp2qq.
QHapnq is a matrix group with elements realized by the matrix given in Appen-
dix B (120). Using that parameterization, the group product for elements Γ may
9This is not the most general central extension of Ap2nq. The most general extension is
np2n 1q dimensional.
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be written as
ΓpR
2, v2, f2, r2, q2, t2, p2, ε2, ι2, s2, u2q
 ΓpR1, v1, f 1, r1, q1, t1, p1, ε1, ι1, s1, u1qΓpR, v, f, r, q, t, p, ε, ι, s, uq,
(20)
where v, f, p, q P Rn and r, t, ε, ι, s, u P R, and R P SOpnq is an n  n real matrix
and10
R2  R1R, v2  v1  R1v, r2  r1   r   v1 R1f  f 1  R1v,
t2  t1   t, f2  f 1  R1f, ε2  ε1   ε  v1 R1p f 1  R1q   r1t,
q2  q1  R1q   v1t, s2  s  s1   v1  R1q   1
2
t v1
2
,
p2  p1  R1p  f 1t, u2  u  u1   f 1  R1p  1
2
t f 1
2
,
ι2  ι  ι1   1
2
ppe1   q1  f 1  p1  v1  r1t1q t et1
pp1  t1f 1q R1q   pq1  t1v1q  R1pq .
The inverse elements of the group are
Γ
1
pR, v, f, r, q, t, p, ε, ι, s, uq  ΓpR1, v1, f 1, r1, q1, t1, p1, ε1, ι1, s1, u1q (21)
where
R1  R1, t1  t, ε1  ε  v  p f  q   rt,
v1  R1v, q1  R1q   tR1v, s1  s  v  q  1
2
tv2,
f 1  R1f, p1  R1p  tR1f, u1  u  f  p 1
2
tf2,
ι1  ι, r1  r.
Consider the semidirect product form given in (18). The elements of the subgroups
are
Npq, t, p, ε, ι, s, uq  Γp1, 0, 0, 0, q, t, p, ε, ι, s, uq P N  Hpn  1q bAp2q,
KpR, v, f, rq  ΓpR, v, f, r, 0, 0, 0, 0, 0, 0, 0q P K  Hapnq,
(22)
and
Υpq, t, p, ε, ιq  Npq, t, p, ε, ι, 0, 0q P Hpn  1q,
R  KpR, 0, 0, 0q P SOpnq,
Aps, uq  Np0, 0, 0, 0, 0, s, uq P Ap2q,
rΥpv, f, rq  Kp1, v, f, rq P Hpnq.
(23)
The group products and inverses for these subgroups follow directly from (20) and
(21). The properties of the semidirect product then implies that
ΓpR, v, q, t, p, ε, ι, s, uq  Npq, t, p, ε, ι, s, uqKpR, vq
 Υpq, t, p, ε, ιqAps, uqrΥpv, f, rqR.
(24)
This can be verified explicitly using the group product (20).
10The dot denotes the inner product a  b  atb  δi,jaibj . The t denotes transpose for the
matrix notation. Matrix multiplication is implicit.
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3.1. Lie algebra of QHapnq. A general element of the algebra of QHapnq may be
written as
Z  αi,jJi,j v
iGi f
iFi rR 
1
~
 
qiPi   tE   p
iQi   εT

 sM uA ιI.
(25)
The αi,j are the npn  1q{2 dimensionless rotation angles, vi has dimensions of
velocity, f i force, r power, qi position, t time, pi momentum and ε has dimensions
of energy. Next, consider the parameters of the central extension. The parameter s
has dimensions of mass1, u has dimensions of tension and ι is dimensionless. (~ is
Planck’s constant with the dimensions of action.) The generators have dimensions
so that a general element Z is dimensionless. That is, Ji,j is dimensionless, Gi, Fi, R
have dimensions of velocity1, force1 and power1 respectively and Pi, E,Qi, T
have dimensions of momentum, energy, position and time respectively. The cen-
tral generators M,A have of dimensions of mass and reciprocal tension and I is
dimensionless.
The algebra of the Hamilton group is [16]:
rJi,j , Jk,ls  δi,lJj,k   δj,kJi,l  δj,lJi,k  δi,kJj,l, rGi, Fks  δi,kR,
rJi,j , Gks  δj,kGi  δi,kGj , rJi,j , Fks  δj,kFi  δi,kFj .
(26)
The inhomogeneous Hamilton group IHapnq requires the additional nonzero com-
mutation relations:
rJi,j , Qks  δj,kQi  δi,kQj, rGi, Qks  δi,kT, rGi, Es  Pi,
rJi,j , Pks  δj,kPi  δi,kPj , rFi, Pks  δi,kT, rFi, Es  Qi,
rR,Es  2T.
(27)
The above relations are the algebra for IHapnq. T is a central generator as it
commutes with all the generators. Classically, all observers related by the inhomo-
geneous Hamilton group have an invariant definition of time. The central extension
QHapnq requires the additional nonzero commutation relations
rPi, Qks  ~δi,kI, rE, T s  ~I, rGi, Pks  δi,kM, rFi, Qks  δi,kA.
(28)
I,M,A are central generators as they commute with all the other generators. T is
no longer central due to the nonzero rE, T s commutation relation.
3.2. Subgroups of QHapnq.
3.2.1. Weyl-Heisenberg. The quantum Hamilton group has severalWeyl-Heisenberg
subgroups. One subgroup isHpn 1q that has an algebra spanned by tPi, Qi, E, T, Iu.
The hermitian representation of the algebra corresponding to the unitary represen-
tations of this group, as we will see in Section 4, are the usual Heisenberg commu-
tation relations for position-time and energy-momentum.
Another Weyl-Heisenberg Hpnq subgroup is the subgroup that is generated by
tFi, Gi, Ru. Furthermore, there are two Weyl-Heisenberg subgroup with an algebra
generated by tGi, Pi,Mu and tFi, Qi, Au respectively. Finally, there are the two
additional Weyl-Heisenberg subalgebras generated by tGi, Qk, T u and tFi, Pi, T u.
(Note that tI,M,Au are central generators of the algebra of the full QHapnq group
whereas T and R are not.)
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3.2.2. Hamilton. The cover of the Hamilton group Hapnq is a subgroup of QHapnq
with an algebra with the general element
Z  αi,jJi,j   v
iGi   f
iFi   rR. (29)
It may be written as a semidirect product in either of the forms
Hapnq  SOpnqbsHpnq  EpnqbsApn 1q, Epnq  SOpnqbsApnq. (30)
The cover of the special orthogonal group SOpnq has generators tJi,ju. In
the first semidirect product form, the Weyl-Heisenberg subgroup has generators
tGi, Fi, Ru noted in the previous section. Alternatively, the Weyl-Heisenberg group
may be expanded as the semidirect product of abelian groups given in (16). There
are two choices for its normal subgroup Apn   1q. The first case, the Apn   1q
subgroup has an algebra spanned by tFi, Ru and the second case it is spanned
by tGi, Ru. The corresponding generators for the homogenous group Epnq are
tJi,j , Giu for the first case and tJi,j , Fiu for the second.
3.2.3. Galilei. The cover of the Galilei group may be written in several different
semidirect product forms
|IEpnq  Gapnq  Epnq bs Apn  2q

 
Ap1q b SOpnq

bs Hpnq  Ap1q bs Hapnq
 SOpnq bs Ap1q bs Hpnq.
(31)
The last form is the Levi decomposition where the simply connected semisimple ho-
mogeneous group is K SOpnq and the simply connected solvable normal subgroup
is N  Ap1q bs Hpnq.
There are two distinct Gapnq groups that are subgroups of QHapnq with general
elements given by
QHapnq has two distinct Galilei group subgroups Gapnq. General elements of
their respective Lie algebras take the form
Z1  α
i,jJi,j   v
iGi  
1
~
 
qiPi   tE

  sM. (32)
Z2  α
i,jJi,j   f
iFi  
1
~
 
piQi   tE

  uA. (33)
Elements of the form Z1 generate the the usual physical Galilei group. For this
subgroup, written as the semidirect product Epnq bs Apn   2q, the subgroup Epnq
has generators tJi,j , Giu and the Apn  2q has generators tPi, E,Mu. Written as
the semidirect product pAp1q b SOpnqq bs Hpnq, the subgroup Ap1q b SOpnq has
generators tE, Ji,ju and the Hpnq has generators tGi, Pi,Mu.
Alternatively, elements of the form Z2 general a different Galilei subgroup Gapnq.
Again, this group may be written as the semidirect product Epnq bs Apn   2q,
where the Epnq has generators tJi,j , Fiu and the Apn 2q has generators tQi, T, Au.
Written as the semidirect product pAp1q bSOpnqq bsHpnq, the Ap1q b SOpnq has
generators tE, Ji,ju and the Hpnq has generators tFi, Qi, Au.
3.3. Casimir invariants. Any element in the center zpgq of the enveloping algebra
epgq is invariant of the algebra g. The Casimir invariants form a basis in the sense
that any element of the center zpgq may be written as a polynomial of the basis
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elements. The number of Nc Casimir invariants of QHapnq and of its Galilei and
Hamilton subgroups is given in the following table:11
1 2 3 4 n
Hpnq 1 1 1 1 1
Hapnq 1 2 2 3
X
n
2
\
  1
Gapnq 2 2 3 3
X
n
2
\
  2
QHapnq 4 4 5 5
X
n
2
\
  4
The Casimir invariants of QHap3q have been determined to be [16],[17]
C1  I, C2 M,C3  A,C4  T
2
 IR,C5  Bi,jBi,j , (34)
The Bi,j are defined, using the auxiliary invariant C as
Bi,j  CJi,j  Di,j , C  AM   T
2
 IR. (35)
The Di,j are given by
Di,j  AD
1
i,j  MD
2
i,j  RD
3
i,j   ID
4
i,j   T
 
D5i,j  D
6
i,j

, (36)
where
D1i,j  GjPi GiPj , D
3
i,j  PiQj  PjQi D
5
i,j  FiPj  FjPi,
D2i,j  FjQi  FiQj, D
4
i,j  FiGj  FjGi, D
6
i,j  GiQj GjQi.
(37)
The Casimir invariant of Hpnq is the central element I. The Casimir invariants of
Hap3q subgroup are
C1  R, C2  Bi,jBi,j , Bi,j  RJi,j   FjGi  FiGj (38)
The Casimir invariants of the two Gap3q subgroups are
C1 M, C2  2ME  P
2,
C3  Bi,jBi,j , Bi,j MJi,j GjPi  GjPi,
(39)
and
C1  A, C2  2AE Q
2,
C3  Bi,jBi,j , Bi,j  AJi,j  FjQi   FiQj .
(40)
3.4. Homomorphisms. The groups homomorphic to QHapnq also appear in the
representation theory as degenerate representations due to Theorem 3. The homo-
morphisms are characterized by the normal subgroups of the group that are the
kernels of the homomorphisms. Appendix C summarizes the homomorphic groups
for the Weyl-Heisenberg, Hamilton, Galilei and the quantum mechanical Hamilton
groups.
11The cover of these groups, Hapnq, Gapnq and QHapnq have the same algebra and therefore
the same Casimir invariants.
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4. Projective representations of the inhomogeneous Hamilton group
The Mackey theorems may be used to compute the unitary irreducible repre-
sentations of the central extension of the inhomogeneous Hamilton group that are
required by quantum mechanics. We will need the unitary irreducible represen-
tations of the Weyl-Heisenberg and Hamilton group in this calculation and we
therefore review these first.
A unitary representation ̺ : G Ñ UpHq : g ÞÑ ̺pgq satisfies the unitary
condition ̺pgq
1
 ̺pgq
:
. For a simply connected group, the group elements
are g  eX . The representation is ̺pgq  e̺
1
pXq and the unitary condition re-
quires ̺1pXq  ̺1pXq
:
and therefore the representation of the algebra is anti-
hermitian. The standard physics convention is to use hermitian operators by defin-
ing X ÞÑ iX so that ̺1pXq  ̺1pXq
:
. This requires an i to also be inserted in the
algebra commutation relations. That is, if rXi, Xjs  c
k
i,jXk then the hermitian
representation pXi  ̺
1
pXiq satisfies the commutation relations

pXi, pXj

 icki,j
pXk. (41)
4.1. Unitary irreducible representations of the Weyl-Heisenberg group.
The unitary representations of the Weyl-Heisenberg group
Hpnq  Apnq bs Apn  1q, (42)
may be determined using the abelian Mackey Theorem 8 [18],[19]. The Weyl-
Heisenberg group product and inverse for elements Υpa, b, ιq is the special case (23)
of (20),
Υpa1, b1, ι1qΥpa, b, ιq  Υpa1   a, b1, b, ι1   ι  1
2
pa1  b b1  aqq,
Υ
1
pa, b, ιq  Υpa,b,ιq.
(43)
The inner automorphisms are
ςΥpa1,b1,ι1qΥpa, b, ιq  Υpa, b, ι  a
1
 b b1  aq. (44)
Elements of the normal subgroup Apn 1q may be taken to be either Υpa, 0, ιq or
Υp0, b, ιq. The corresponding elements of the homogeneous groupApnq areΥp0, b, 0q
or Υpa, 0, 0q. A general element of the Weyl-Heisenberg group may be written as
Υpa, b, ιq  Υpa, 0, ι
1
2
a  bqΥp0, b, 0q  Υp0, b, ι 
1
2
a  bqΥpa, 0, 0q. (45)
Noting that
ζ

: Hpnq Ñ Hpnq : Υpa, b, ιq ÞÑ Υpa, b, ι
1
2
a  bq, (46)
is a group isomorphism, it may be straightforwardly shown that either choice of
the normal subgroup elements in the expressions in (45) satisfy the properties to
be the semidirect product (42).
4.1.1. Mackey abelian semidirect product theorem. The Mackey Theorem 8 may
now be applied. We choose the normal subgroup with elements Υpa, 0, ιq P Apn 1q.
The unitary irreducible representations ξ of the abelian normal subgroup are the
phases acting on the Hilbert space Hξ  C
ξpΥpa, 0, ιqq|φy  eipa
i
pAi ιpIq
|φy  eipaα ιλq |φy, |φy P C. (47)
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The hermitian representation of the algebra has the eigenvalues that are given by
pAi |φy  ξ
1
pAiq |φy  αi |φy, pI |φy  ξ
1
pIq |φy  λ |φy, (48)
where α P Rn and λ P R. The characters ξα,λ are parameterized by the eigenvalues
α, λ and the equivalence classes that are elements of the unitary dual, rξα,λs P
UApn 1q  R
n 1. Each equivalence class has the single element rξα,λs  ξα,λ.
The action of the elements Υp0, b, 0q P Apnq of the homogeneous group on these
representations is given by the dual automorphisms
 
pςΥp0,b,0qξα,λ

pΥpa, 0, ιqq |φ
D
 ξα,λpςΥp0,b,0qΥpa, 0, ιqq|φ
D
 ξα,λpΥpa, 0, ι a  bqq|φy
 eipapαλbq ιλq |φy
 ξαλb,λpΥpa, 0, ιqq |φy.
(49)
Therefore, the little group is the set of Υp0, b, 0q P K that satisfy the fixed point
equation (14),
pςΥp0,b,0qξα,λ  ξαλb,λ  ξα,λ. (50)
The solution of the fixed point condition requires that α  λb  α. The λ  0
solution for which the little group is Apnq is the degenerate case corresponding
to the homomorphism Hpnq Ñ Ap2nq with kernel Ap1q (See Appendix C, (123)).
This is just the abelian group that is not considered further here. The faithful
representation with λ  0 requires b  0, and therefore has the trivial little group
K  e  tΥp0, 0, 0qu. The stabilizer is G  Apn  1q. The orbits are
Oλ 
 
pςΥp0,b,0qrξα,λs|b P R
n
(
 tξb,λ|b P R
n
u , λ P Rz t0u . (51)
All representations in the orbit are equivalent for the determination of the semidi-
rect product unitary irreducible representations. A convenient representative of the
equivalence class is ξ0,λ. The unitary representations σ of the trivial little group
are trivial and therefore the representations of the stabilizer are just ̺  ξ0,λ. The
Hilbert space Hσ is also trivial and therefore the Hilbert space of the stabilizer is
H
̺
 H
σ
bH
ξ
 C.
4.1.2. Mackey induction. The final step is to apply the Mackey induction theorem
to determine the faithful unitary irreducible representations of the full Hpnq group.
The induction requires the definition of the symmetric space
K  G{G  Hpnq{Apn  1q  Apnq  Rn, (52)
with the natural projection π and a section Θ
π : Hpnq Ñ K : Υpa, b, ιq ÞÑ kb,
Θ : KÑ Hpnq : kb ÞÑ Θpkbq  Υp0, b, 0q.
(53)
These satisfy πpΘpabqq  ab and so π Θ  IdK as required. Using (2), an element
of the Weyl-Heisenberg group Hpnq can be written as,
Υpa, b, ιq  Υp0, b, 0qΥpa, 0, ι 
1
2
a  bq. (54)
The cosets are therefore defined by
kb 
 
Υp0, b, 0qΥpa, 0, ι  1
2
a  bq|a P Rn, ι P R
(
 tΥp0, b, 0qApn  1qu
(55)
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Note that
Υpa, b, ιqkx  kx b, x P R
n. (56)
The Mackey induced representation theorem can now be applied straightforwardly.
First, the Hilbert space is
H
̺
 L2pK, H̺

q  L2pRn,Cq. (57)
Next the Mackey induction Theorem 7 yields
ψ1pkxq  p̺pΥpa, b, ιqqψq

Υpa, b, ιq
1
kx
	
 ̺pΥpa, 0, ιqqψpkxbq (58)
Using the Weyl-Heisenberg group product (2),
Υpa, b, ιq  Θpkxq
1
Υpa, b, ιqΘpΥpa, b, ιq
1
kxq
 Υp0,x, 0qΥpa, b, ιqΥp0, x b, 0q
 Υpa, 0, ι  a 
 
x 1
2
b

q.
(59)
We lighten notation using the isomorphism kx ÞÑ x. The induced representation
theorem then yields
ψ1pxq  ξ0,λpΥpa, 0, ι  x  a
1
2
a  bqψpx  bq
 eiλpι xa
1
2
abqψpx bq.
(60)
Using Taylor expansion, we can write
ψpx  bq  eb
i
B
Bxi ψpxq. (61)
The Baker Campbell-Hausdorff formula [20] enables us to combine the exponentials
ψ1pxq  eipλι λa
ixi b
ii B
Bxi
qψpxq  eipa
i
pAi b
i
pBi ιpIqψpxq. (62)
The representation of the algebra is therefore
pIψpxq  λψpxq, pAiψpxq  λxiψpxq, pBiψpxq  i
B
Bxi
ψpxq, (63)
that satisfies the commutation relations, r pBi, pAjs  iδi,j pI. This analysis can also be
carried out choosing Υp0, b, ιq P Apn 1q to be the elements of the normal subgroup
and this yields the representation with pBi diagonal.
4.2. Unitary irreducible representations of the Hamilton group. Again,
from Theorem 2, the projective representations of the Hamilton group are equivalent
to unitary representations of its cover. The Hamilton group does not admit an
algebraic extension and therefore the central extension of the Hamilton group is
its cover, |Hapnq  Hapnq. The cover of the Hamilton group may be written as a
semidirect product group in the different forms given in (12).
The Mackey theorems may be used to compute the unitary irreducible represen-
tations using any of these semi-direct product forms. We use here the form with
the nonabelian Weyl-Heisenberg group Hpnq as the normal subgroup. The reader
can verify that the Mackey theorem applied to the form with the abelian normal
subgroup Apn  1q gives the same result.
For simplicity of exposition, we give the computation for the representations of
Hapnq. Appendix D shows how the representation of its cover Hapnq is computed
from these results.
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4.2.1. Unitary representations of the Weyl-Heisenberg normal subgroup. We can ap-
ply the results of the previous section where we determined the unitary irreducible
representations of the Weyl-Heisenberg group. In this section, the elements are
Υpv, f, rq P Hpnq and the general element of the algebra is given in (29). Choos-
ing Υpv, 0, rq to be the elements of the normal subgroup Apn   1q of Hpnq, the
representations from (60) are
ϕ1pxq  pξpΥpv, f, rqqϕq pxq  eiκpr
1
2
f vq iκvxϕpx fq, (64)
where f, v, x P Rn, r, κ P R, κ  0 with ϕPHξ  L2pRn,Cq. The hermitian repre-
sentation of the basis tFi, Gi, Ru of the Weyl-Heisenberg algebra are
pR  ξ1pRq  κ, pGi  ξ
1
pGiq  κxi, pFi  ξ
1
pFiq  i
B
Bxi
. (65)
Similar expressions result with the choice of elements Υp0, f, rq of the normal sub-
group for which pFi is diagonal.
4.2.2. The ρ representation. The next step is to determine the stabilizer G and
the representation ρ. It acts on the Hilbert space Hξ and therefore the hermitian
representations ρ1 of the algebra of the little group must be realized in the enveloping
algebra of the Weyl-Heisenberg group. The hermitian ρ1 representation of the basis
of the algebra of the Weyl-Heisenberg group are given by (65) as ρ|Hpnq  ξ.
Define the hermitian ρ1 representation generators as
pJi,j  ρ
1
pJi,jq 
1
κ

pFi pGj  pFj pGi
	
. (66)
The commutation relations for the generators in the ρ1 representation are directly
computed using (65) to be the commutation relations for the Hamilton algebra
given by (26) with the i inserted for the hermitian representation as noted in (41).
This is a ρ1 representation of the entire algebra of the Hamilton group and
therefore the stabilizer is the Hamilton group itself. Using (22), the group action
is given by
ρpRpθqqϕpxq  e
θk,jpxk
B
Bxj
xj
B
Bxk
q
ψpxq  ϕpR1pθqxq. (67)
Using the semidirect group property (24), KpR, v, f, rq  Υpv, f, rqR, whereΥpv, f, rq 
Kp1, v, f, rq and R  KpR, 0, 0, 0q and putting it together with (20), the full ρ rep-
resentation is
ϕ1pxq  pξpΥpv, f, rqqρpRqϕq pxq  eiκpr
1
2
vf vxqϕpR1x fq. (68)
As the stabilizer is the full Hamilton group (and the little group is K  SOpnq),
the Mackey theorem (Theorem 7) applies without requiring use of the induced
representation Theorem 6.
4.2.3. Nondegenerate unitary irreducible representations. The faithful unitary irre-
ducible representations of the Hamilton group from the application of the Mackey
theorem (Theorem 7) is
̺pKpR, v, f, rqq  σpRq b ρpKpR, v, f, rqq  σpRq b ξpΥpv, f, rqqρpRq. (69)
As the stabilizer is the group itself, induction is not required. The σpRq are the ordi-
nary unitary irreducible representations of SOpnq that act on a finite dimensional
PROJECTIVE REPRESENTATIONS OF THE INHOMOGENEOUS HAMILTON GROUP 19
Hilbert space Hσ  VN . Therefore, the full representation acts on the Hilbert
space
H
̺
H
σ
bH
ξ
 V
N
bL
2
pR
n,Cq. (70)
The full nondegenerate Hamilton representations are the direct product given in
(27).
ϕ1pxq  p̺pKpR, v, f, rqqϕq pxq
 pσpRq b ξpΥpv, f, rqqρpRqϕq pxq .
(71)
In particular, for n  3, SOp3q  SUp2q withN  2j 1 and the σ representation
is given in terms of the well known DjpRpθqq representation matrices. For notation
reasons, we set x  rf as it is clear that it has the meaning of force with κ having
the dimensions of the reciprocal of power,
ϕ1
mp
rfq  DjpRq
m
me
iκpr 1
2
vf v rfqϕmpR
1
rf  fq . (72)
The above representations use the choice of the normal subgroup of Apn  1q of
the Weyl-Heisenberg subgroupHpnq that is generated by tGi, Ru. These generators
are diagonal in the resulting representations (65) and (72). We could equally well
have chosen the normal subgroup to be generated by tFi, Ru resulting in similar
representations with these generators diagonal
rϕ1m1prvq  D
j
pRq
m
m1e
iκ
p
r  1
2
vf f rv
q
rϕmpR
1
rv  vq . (73)
The degenerate cases corresponding to the homomorphisms in Appendix C (123)
may be similarly computed.
4.2.4. Casimir invariants. The Casimir invariants for the case n  3 are given in
(20). A direct computation shows that ρ1pC2q  0. Therefore,
̺1pC1q  ρ
1
pC1q  ρ
1
pRq  κ, ̺1pC2q  ρ
1
pRq
2
σ1pJ2q  κ2jpj   1q, (74)
where κ P Rzt0u, and j is half integral. The pκ, jq label the faithful irreducible
representations. Similar considerations apply for the degenerate cases.
4.3. Unitary irreducible representations of the Galilei group. The projec-
tive representations of the inhomogeneous Euclidean group are equivalent to the
unitary representations of the cover of the Galilei group. The Galilei group may be
written as a semidirect product in several different forms (31). Any of these forms
may be used in the Mackey theorems to determine the unitary irreducible repre-
sentations. The Mackey theorems for the form with the abelian normal subgroup
Apn  1q has been studied in reference [8]. We choose here to use the form where
N  Hpnq is the normal subgroup and the homogeneous group isK  Ap1qbSOpnq.
A general element of the Galilei group is
ΓpR, t, v, q, sq  Υpv, q, sqAptqR (75)
where Υpv, q, sq P Hpnq, Aptq P Ap1q and R P SOpnq. The general element of the
algebra is given in (32). Note that while the Υ are again elements of the Weyl-
Heisenberg group, in this case they are parameterized by position, velocity and the
the parameter of the central generator that is mass.
Again, the faithful unitary irreducible representation of elements Υpv, q, sq P
Hpnq are
ϕ1prpq  pξpΥpv, q, sqqϕq puq  e
i
~ p
µps 1
2
qvq qrp
qϕprp µvq, (76)
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where q, rp, v P Rn, s, µ P R, µ  0 and ϕPHξ  L2pRn,Cq. The isomorphism
(46) enables us to re-parameterize s  1
2
q  v ÞÑ s. The µ are the eigenvalues of
the hermitian representation of the central element M of the basis tGi, Pi,Mu
of the Weyl-Heisenberg algebra. The ξ1representation of these generators, with
momentum diagonal, are
xM  ξ1pMq  µ, pPi  ξ
1
pPiq  rpi, pGi  ξ
1
pGiq  iµ
B
Brpi
. (77)
4.3.1. The ρ representation. The next step is to determine the stabilizer G and
the representation ρ. It acts on the Hilbert space Hξ and therefore the hermitian
representations ρ1 of the little group must by realized in the enveloping algebra
of the Weyl-Heisenberg group [19]. The ρ1 representation restricted to the normal
subgroup are the ξ1 representation given in (77), ρ|Hpnq  ξ. The generators of the
homogeneous group in the ρ1 representation with momentum diagonal are
pJi,j  ρ
1
pJi,jq 
1
µ

pPi pGj  pPj pGi
	
, pE  ρ1pEq 
1
2µ
pP 2. (78)
These satisfy the commutation relations

pJi,j , pJk,l

 ip pJj,kδi,l   pJi,lδj,k  pJi,kδj,l  pJj,lδi,kq,

pJi,j , pGk

 ip pGjδi,k  pGiδj,kq,

pJi,j , pPk

 ip pPiδj,k  pPjδi,kq,

pGi, pE

 i pPi,

pGi, pPk

 ixMδi,k.
(79)
These are the commutation relations for the Galilei subgroup given by (26-28)
for the generators tJi,j , Gi, Pi, E,Mu with the i inserted for the hermitian repre-
sentation as noted in (41).
4.3.2. Nondegenerate unitary irreducible representations. The properties of the semidi-
rect product enable us to write the ρ representation as
ρpΓpR, t, v, q, sq  ξpΥpv, q, sqqρpAptqqρpRq. (80)
The σ representations of Aptq P Ap1q are simply σpAptqq  e
i
~
tσ1pEq
 e
i
~
tε with
t, ε P R. We can then put everything together, as in the Hamilton group case, to
obtain the faithful unitary irreducible representations
ϕ1prpq  p̺pΓpR, t, v, q, sqqϕq prpq
 pσpRqσpAptqq b ξpΥpv, q, sqqρpAptqqρpRqϕq prpq
 σpRqe
i
~
tε
b e
i
~ p
µs qp  1
2µ
tp2
qϕpR1rp µvq.
(81)
In this expression, v, q, p P Rn and s, µ P R, µ  0 and ϕ P VN b L2pRn,Cq.
Again, for n  3, N  2j 1 and the σ representation is given in terms of the usual
D matrices,
ϕ1
mprpq  D
j
pRq
m
me
i
~p
µs qp t
p
ε  1
2µ
p2
qqϕmpR
1
rp µvq. (82)
This is the same as the well known results for the Galilei group determined from
the abelian Mackey theorem (Theorem 8) using the semidirect product form in (31)
with Apn  2q as the normal subgroup [8].
Appendix D shows how the representation of its cover Gapnq is computed from
these results. The degenerate cases in Appendix C (123) may similarly be computed
using these methods.
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4.3.3. Casimir invariants. The Casimir invariants of the Galilei group for n  3 are
given in (21). A straightforward calculation shows that ρ1pC2q  0 and ρ
1
pC3q  0.
Therefore,
̺1pC1q  ρ
1
pMq  µ,
̺1pC2q  2µσ
1
pEq  2µε,
̺1pC3q  µ
2σ1pJ2q  µ2jpj   1q.
(83)
where µ, ε P R, µ  0 and j half integral. The faithful irreducible representations
of the Galilei group are labeled by the eigenvalues pµ, ε, jq. Similar considerations
apply to the degenerate cases.
4.4. Projective representations of the inhomogeneous Hamilton group.
The projective representations of the inhomogeneous Hamilton group IHapnq are
the unitary representations of its central extension I|Hapnq  QHapnq that was
given in Section 3. We undertake the calculation for QHapnq and then show in
Appendix D how the result for the cover follows. The unitary irreducible represen-
tations obtained using the Mackey Theorem 7 consist of the nondegenerate faithful
representations and the rich set of degenerate representations that correspond to
faithful representations of the homomorphisms of the group given in Appendix C
(123). We focus here on the faithful representations and leave the degenerate cases
as an exercise for the reader using the same methods.
4.4.1. The unitary irreducible representations of the normal subgroup. The normal
subgroup of QHapnq in the semidirect product (19) is N  Hpn   1q bAp2q. Its
elements are the product of Υpq, p, t, ε, ιq P Hpn   1q, where q, p P Rn, t, ε, ι P R,
and Aps, uq P Ap2q, with s, u P R. The faithful unitary irreducible representa-
tions of the normal subgroup are just the direct product of the unitary irreducible
representations of Hpn  1q and Ap2q
ψ1  rξpΥpq, p, t, ε, ιqqrξpAps, uqqψ
 eipι
rI  1
~p
qi rPi p
i
rQi t rEε rTqqeips
M u rAqψ.
(84)
ψ is an element of the Hilbert space Hξ  L2pRn,Cq and we denote the hermitian
representation of the generators with tilde, rZ  rξ1pZq. The generators tM,A, Iu
are central and therefore their hermitian representation is always diagonal.
rI  λ, M  µ, rA  α. (85)
Any commuting subset of the hermitian representation of the generators t rQi, rT , rPi, rEu
may be simultaneously diagonalized. Four canonical sets are t rPi, rT u, t rQi, rTu,
t
rPi, rEu, and t rQi, rEu. For example, if we diagonalize t rPi, rT u the generators are
realized in the momentum-time representation,ψprp,rtq  xrp,rt|ψy, as
rPi  rpi, rT  λrt, rQi  iλ~
B
Brpi
, rE  i~
B
B
rt
. (86)
These satisfy the Heisenberg commutation relations

rPi, rQi

 i~rIδi,j ,

rT , rE

 i~rI (87)
The Weyl-Heisenberg group representation in this basis is
ψ1prp,rtq  rξpΥpq, p, t, ε, ιqqrξpAps, uqqψ
	
 
rp,rt

 eiϑ ψprp p,rt tq ,
(88)
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where
ϑ 

sµ  uα  λι 
1
~

q  rp εrt
λ
2
pq  p εtq


(89)
with µ, λ P Rzt0u and rt P R, rp P Rn. The physical Heisenberg commutation
relations require λ  1 and we therefore set λ  1 going forward.
4.4.2. The rρ representations. The next step is to determine the representation rρ
and the stabilizer G on which it acts as defined in Theorem 7. (The tilde is to
distinguish this ρ representation from the ρ representation of the Hamilton subgroup
that we have already determined which will also be required in this calculation.)
The algebra of Hapnq may be realized in the enveloping algebra of the algebra of
Hpn  1q bAp2q. (In this section, the tilde on a generator of the algebra denotes
the rρ1 representation, rZ  rρ1pZq.) Note that rρ1|N  rξ
1.
rJi,j 
1
λ~

rPj rQi  rPi rQj
	
, rR  1
2λ~

rT 2   M rA
	
,
rGi 
1
λ~

rT rPi  M rQi
	
, rFi 
1
λ~

rT rQi   rA rPi
	
,
(90)
The commutation relations for the generators in the rρ1 representation may be
directly computed and shown to satisfy the algebra (26-28) of QHapnq with the i
inserted for the hermitian representation as explained in (41).
As all of the generators of QHapnq are realized in this rρ1 representation, the
stabilizer G is the entire group QHapnq and the little group is Hapnq. Using the
properties of the semidirect product (22), the rρ representation may be written as
rρpΓpR, v, f, r, q, t, p, ε, ι, s, uqq  rξpΥpq, t, p, ε, ιqqrξpAps, uqqrρpΥpv, f, rqqrρpRq.
(91)
In the momentum-time representation, the t rJi,j , rGi, rFi, rRu generators are (with
λ  1)
rJi,j  i

rpi
B
Brpj
 rpj
B
Brpi
	
, rR  1
~
 
rt2   µα

,
rGi 
1
~

rtrpi   i~µ
B
Brpi
	
, rFi 
1
~

αrpi  i~rt
B
Brpi
	
.
(92)
The rρ representation of the SOpnq subgroup with elements R is
ψ1prp,rtq  prρpRqψq
 
rp,rt

 eiθ
i,j
rJi,jψprp,rtq  ψpR1rp,rtq. (93)
For the rρ representation of the Weyl-Heisenberg subgroup with elementsΥpv, f, rq,
first note that a general element of this algebra is
rZ  r rR   vi rGi   f
i
rFi

1
~

rprt2   µαq  
 
virt  f iα

rpi  
 
µvi  rtf i


i~ B
Brpi
		
.
(94)
Therefore,
ψ1prp,rtq  prρpΥpv, f, rqqψq
 
rp,rt

 eipv
i
rGi f
i
rFi r rRqψprp,rtq
 eiϑ
1
ψprp µv   tf,rtq
(95)
where
ϑ1 
1
~

rprt2   αµ
1
2
 
µv  rtf


 
vrt  αf

q  
 
vrt  αf

 rp


. (96)
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Putting together these equations with (88) gives the full nondegenerate rρ represen-
tation of the group in the momentum-time diagonal basis
ψ1prp,rtq  prρpΓpR, v, f, r, q, t, p, ε, ι, s, uqqψq
 
rp,rt

 eipϑ ϑ
1
qψpR1rp µv   tf  p,rt tq.
(97)
A similar calculation shows that in a position time basis, this results in
ψ1prq,rtq  prρpΓpR, v, f, r, q, t, p, ε, ι, s, uqqψq
 
rq,rt

 e
i
~p
rϑ rϑ1
qψpR1rq   αf   tv  q,rt tq
(98)
where in this expression
rϑ  sµ  uα  ι  1
~
 
p  rq  εrt  1
2
pq  p εtq

,
rϑ1  1
~
 
rprt2   αµ  1
2
 
µv  rtf


 
vrt  αf

q  
 
µv  rtf

 rq

.
(99)
4.4.3. Nondegenerate unitary irreducible representations. As the stabilizer is the
entire group G  QHapnq, the Mackey induced representation theorem (Theorem
6) is not required and the unitary irreducible representations are given by
̺pΓq  rσpKq b rρpΓq  σpRq b ρpKq b rρpΓq, (100)
with R P SOpnq, K P K  Hapnq and Γ P QHapnq. The rσ representations are
the unitary irreducible representations of the Hamilton group that are referred to
as the ̺ representations in (72), rσpKq  σpRq b ρpKq. The rρ representations are
given above in (97).
Putting it all together, for n  3 the nondegenerate unitary irreducible repre-
sentation of QHap3q in a basis with tGi, Pi, T u diagonal is
ψ1
m, rf
prp,rtq  eiϑ
3
DjpRq
m
m
ψ
m,R1 rff
pR
1
rp µv   frt p,rt tq , (101)
where we have set λ  1 and the phase ϑ3 is
ϑ3  ϑ  ϑ1   ϑ2, ϑ2  κpr 
1
2
v  f   v  rfq.
ϑ2 is the phase of the ρ representation of the Hamilton subgroup that is given in
(72).
One could also choose to have tFi, Pi, T u to be diagonal. Using (73), the position-
time wave functions are
rψ1
m,rvprq,
rtq  ei
rϑ3DjpRq
m
m
rψm,R1rvvpR
1
rq  vrt αf  q,rt tq. (102)
where we have set λ  1 the phase rϑ3 is (73)
rϑ3  ϑ  ϑ1   rϑ2, rϑ2  κpr  
1
2
v  f   f  rvq.
Other combinations of generators that can be simultaneously diagonalized include
tGi, Qi, T u and tFi, Qi, T u. Their representations follow from (98) together with
(72) and (73). The Hilbert space for all of these representations is
H
̺
 V
2j 1
bL2pRn,Cq bL2pRn 1,Cq. (103)
The corresponding representation of the Lie algebra is
̺1pJi,jq  σ
1
pJi,jq   pJi,j   rJi,j ,
̺1ptGi, Fi, Ruq 
!
pGi   rGi, pFi   rFi, pR  rR
)
,
̺1ptQi, Pi, T, E, I,M,Auq 
!
rQi, rPi, rT , rE, rI,M, rA
)
.
(104)
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Appendix D shows how the representation of the cover QHapnq is computed
from these results.
4.4.4. Casimir invariants. The Casimir invariants are given in (16) for the case
n  3. A straightforward calculation shows that rρ1pC4q  0 and rρ
1
pC5q  0.
Combining this with the corresponding results for the Hamilton group that is the
homogeneous group, the representations of these Casimirs are
̺1pC1q  rρ
1
pIq  λ, ̺1pC2q  rρ
1
pMq  µ, rρ1pC3q  rρ
1
pAq  α,
̺1pC4q  rρ
1
pIqρ1pRq  rρ1pMAq  κλ µα,
̺1pC5q  pαµ κλq
2
jpj   1q.
(105)
Thus the pλ, µ, α, κ, jq label the nondegenerate projective representations of the
quantum mechanical Hamilton group for n  3. Again, the physical Heisenberg
commutation relations correspond to the irreducible representation with λ  1
5. Discussion
This paper started with the observation that a most basic feature of quantum
mechanics is that physical states are rays that are equivalence classes of states
in a Hilbert space defined up to a phase. A quote from Dirac later in his life
exemplifies this. "So if one asks what is the main feature of quantum mechanics, I
feel inclined now to say that it is not noncommutative algebra. It is the existence
of probability amplitudes which underlie all atomic processes. Now a probability
amplitude is related to experiment but only partially. The square of the modulus
is something that we can observe. That is the probability which the experimental
people get. But besides that there is a phase, a number of modulus unity which
we can modify without affecting the square of the modulus. And this phase is all
important because it is the source of all interference phenomena but its physical
significance is obscure.” [9]
This physical requirement that the states in quantum mechanics are rays requires
projective representations of symmetry groups in quantum mechanics rather than
ordinary unitary representations. The projective representations have the remark-
able property that a set of theorem that enables us to compute the representations
for a general class of connected Lie groups. The projective representations of the
groups discussed in the paper illustrate the power of these theorems and these
methods can be directly applied to a other connected Lie groups.12 First, the cor-
nerstone Theorem 1 states that a projective representation of a connected group
is equivalent to a projective representation that is unitary and linear. Theorem
2 state further that a projective representations are equivalent to the unitary rep-
resentations of its central extension. Central extensions are simply connected and
therefore Levi’s Theorem 4 states that they are equivalent to a semidirect product
of a semi-simple subgroup and a solvable normal subgroup. The unitary represen-
tations of the semi-simple groups are generally known and the solvable group in
the applications we encounter turn out to be semidirect products of abelian groups.
We have shown how to compute the irreducible representations of the solvable
Weyl-Heisenberg group, and the Gapnq, Hapnq and QHapnqgroups that have it as
a normal subgroup, using the Mackey Theorems 6-8.
12These method’s may also be applied to Lie groups that are not connected but in this case
the central extension may not be unique and therefore they must be addressed on a case by case
basis.
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Furthermore, the form of the semidirect product is constrained by the auto-
morphism Theorem 5. We expect any physical symmetry to leave invariant the
Heisenberg commutation relations. That is, under a symmetry transformation on
phase space must result in
i~δi,j 

pPi, pQj

 ̺pgqr pPi, pQjs̺pgq
1


xP 1i,xQ1j

, (106)
with xP 1i  ̺pgq pPi̺pgq
1
and xQ1i  ̺pgq pQi̺pgq
1
where g is an element of the
symmetry group G. Similar considerations hold for the energy-time commuta-
tion relations. This requires G to be a subgroup of the automorphism group of
the Weyl-Heisenberg group. Therefore, the maximal symmetry is DSpp2n   2q 
D b ISpp2n   2q as the central extension of this group is the Weyl-Heisenberg
automorphism group. Furthermore, the projective representation of this maximal
symmetry results in the Heisenberg commutation relations and the Hilbert space
for these operators.
These mathematical theorems immediately give us the result that the quan-
tum mechanical phase leads directly to the noncommutative algebra of quantum
mechanics as stated by Dirac in the quote at the beginning of this section. The
symplectic homogenous group of DSpp2nq constrains the central extension of the
abelian subgroup Ap2n  2q to be the Weyl-Heisenberg group and therefore partic-
ular projective representations of this abelian group are the unitary representations
of the Weyl-Heisenberg group. The physical meaning of the abelian group is trans-
lations on extended phase space P  R2n 2 and the hermitian representation of the
Lie algebra corresponding to the unitary representations of the Weyl-Heisenberg
group are the Heisenberg commutation relations.
Neither the Weyl-Heisenberg group nor the symplectic group have any concept
of an invariant time line element. This is a world before any relativistic structure
is present. There is no notion of null cones, past and future, or causality.
The relativistic structures of invariant time and mass line elements may then be
defined,
dτ2  dt2 
1
c2
dq2, dµ2 
1
c2
dε2  dp2. (107)
These may be regarded as two degenerate line elements on the cotangent of
extended phase space, T P. This now differentiates key properties of time and
energy from position and momentum. They introduce the concepts of null cones
and the notions of past and future and causality. The invariance of these line
elements requires the subgroup Lp1, nq13 of Spp2n  2q. The invariance of both of
these line elements results in inertial states. This allows the phase space to be broken
apart into space-time and energy-momentum space as this symmetry does not mix
these degrees of freedom. As we have noted in the introduction, special relativistic
quantum mechanics results from the projective representations of ILp1, nq.
However, not all physical states are inertial. This leads us to follow Born [21],[22]
and combine the invariants into a single nondegenerate invariant line element for
time
drτ2  dt2 
1
c2
dq2 
1
b2
dp2  
1
b2c2
dε2. (108)
13Lp1, nq is the connected subgroup of Op1, nq that is the full symmetry.
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Requiring invariance of this line element results in the subgroup Up1, nq of
Spp2n   2q. Lp1, nq is the inertial subgroup of Up1, nq. The constants tc, b, ~u
define the dimensional basis where b, that has dimensions of force, is a bound on
the rate of change of momentum just as c is a bound on the rate of change of
position. In this basis, gravitational coupling is defined by the dimensionless con-
stant αG where G  αGc
4
{b. As G and c are known, determining αG or b defines
the other. These effects are manifest only for forcesapproaching b, which if αG is
anywhere near unity, is very large.
A noninertial relativistic quantum theory results from the projective represen-
tations of IUp1, nq with this definition of invariant time that includes inertial and
noninertial states [23, 24, 25, 26, 27]. These are given by the unitary representations
of its central extension Qp1, nq  Up1, nqbsHpn 1q. The hermitian algebra of the
unitary representations of Hpn  1q are the Heisenberg commutation relations.
The limits of the line elements for small forces relative to b and small velocity
relative to c are
drτ2 Ñ
bÑ8
dτ2 Ñ
cÑ8
dt2, (109)
with corresponding Inönü-Wigner group contractions [28, 29]
IUp1, nq Ñ
bÑ8
IOap1, nq Ñ
cÑ8
IHap1, nq. (110)
The group IOap1, nq and its projective representations is studied in [29]. There
exists a homomorphism of IOap1, nq onto ILp1, nq and therefore the usual represen-
tations of special relativistic quantum mechanics are a degenerate representation.
In this paper, we are focussed on the full b, cÑ8 limit group IHap1, nq that is
the symmetry in the nonrelativistic regime [11],[16],[17]. The projective represen-
tations are the unitary representations of its central extension QHapnq.
The first summary observation is that the projective representations of IHap1, nq
contains precisely the unitary representations of a Weyl-Heisenberg subgroup for
which its algebra is the physical Heisenberg commutation relations as is also the
case for both the IUp1, nq and IOap1, nq groups. Simply by considering projective
representations of the symmetry IHapnq on phase space, we obtain the noncommu-
tative algebra of quantum mechanics. Again, just as stated by Dirac in the quote
at the beginning of this section, the noncommutative structure arises because of
the existence of the quantum phase. All of these symmetry have an abelian sub-
group of translations on extended phase space that is parameterized by position,
time, momentum and energy degrees of freedom and yet result in the expected
wave functions that are functions of the eigenvalues of commuting subsets. That
is we, obtain wave functions of the form ψpp, tq (101) and ψpq, tq (102), and not
ψpq, p, e, tq as, for example, is given by Wigner [30],[31] or Moyal [32] in their phase
space formulations of quantum mechanics. The Fourier transform between position
and momentum representations is just the unitary representation of the isomor-
phism on the Weyl-Heisenberg group (46).
The central extension also contains the central generator M that is mass. This
generator appears in precisely the form required for the Galilei group to be the
inertial subgroup. This central extension embodies energy, Mc2. The Galilei
group Gapnq is both a subgroup and a group homomorphic to QHapnq as given
in Appendix C (123). A consequence of Theorem 3 is that the complete set of
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unitary irreducible representations of QHapnq includes the faithful unitary irre-
ducible representations of all of these homomorphic groups as degenerate repre-
sentations. Therefore, the unitary irreducible representations of QHapnq include
the usual unitary irreducible representations of Gapnq corresponding to the inertial
states. However, the quantum mechanical Hamilton representations are on a larger
Hilbert space and include noninertial states not present in the representations of
the Galilei group.
The group QHapnq has a third central generator A that has physical dimensions
of the reciprocal of tension. Studying the limits (110) carefully shows that it also
embodies energy, Ab2 just as mass embodies energy, Mc2. A is as fundamental
to the physical interpretation of this mathematical theory as M and I. The latter
two are clearly very fundamental and so if this symmetry has physical relevance, A
must also be fundamental. This is a definitive test of the overall symmetry - either
physical phenomena corresponding to the presence of A must be found to exist or
an explanation of why its eigenvalue α is zero must be provided. At this point, we
can only note that, as it embodies energy it will gravitate, and we know that we are
missing a lot of gravitational “mass” and “energy” in the current standard theory
that we refer to as dark.
The expression (101) for the unitary irreducible representations of QHapnq may
be written as
ψ1
m, rf 1
prp1,rt1q  eiϑ
3
DjpRq
m
m
ψ
m, rf
prp,rtq (111)
where
rp1  Rprp1   µv  frt  pq,rt1  rt  t, rf 1  Rp rf   fq. (112)
These transformations of momentum and time are of the expected form if force
is constant. This is because the symmetry is global in the treatment that we have
provided. However, in general, we expect these transformations to be local [11].
That is,
drp1  Rpdrp1   vpp, q, tqdµ fpp, q, tqdrt  dpq. (113)
This will require the symmetry group to be gauged so that it is local before
attempting a full physical interpretation. This will be the topic of a subsequent
paper.
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Appendix A. Projective representations and central extensions
This appendix shows how Theorem 2 results in the understanding of projective
representations as a unitary representation up to a phase. Consider a simply con-
nected group G with central extension qG where the central extension includes a
nontrivial algebraic central extension. The algebra of qG is spanned by the gener-
ators tXa,Aαu where the Aα are central, rXa, Aαs  0 and rAβ , Aαs  0. As qG is
always simply connected, an element Γ P qG may be expressed as
Γpx, aq  ea
αAαγpxq , γpxq  ex
aXa , (114)
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where x P Rr, a P Rm with n  r   m. The Apmq is the central subgroup of qG
with an algebra spanned by Aa. Using the Baker-Campbell-Hausdorff formula, the
group product is,
Γ1px1, a1qΓpx, aq  epa
1
α
 aα
q
Aαeβpx
1,xq
a
Xa αpx
1,xq
α
Aα
 epa
1
α
 aα αpx1,xq
α
q
Aαγpx2q,
(115)
where x2  βpx1, xq. Furthermore, the terms that define β are precisely the Baker-
Campbell-Hausdorff terms that result from the group product “  “ of G, γpx2q 
γpx1q  γpxq. Therefore, the group product may be written as
Γ
1
px1, a1qΓpx, aq  epa
1
α
 aα αpx1,xq
α
q
Aαγpx1q  γpxq. (116)
In this sense, the elements γpxq with the multiplication  may be regarded to be
elements of G. Note that G is not necessarily a subgroup of qG as the α depend on x
and x1. The map α : G  G Ñ Apmq may be shown to be an element of the second
cohomology group H2pG,Apmqq.
Theorem 1 states that every projective representation of any connected Lie group
is equivalent to a projective representation that is unitary and therefore, up to an
equivalence, we need only consider unitary representations. The unitary represen-
tations of elements Γpx, aq of qG may be written as ̺pΓq  ̺pγpxqq eiaν with
ν P Rm. The unitary representation of the abelian central subgroup Apmq is the
phase eiaν . The unitary representations of this group product is
̺pΓ1q̺pΓq  eipa
1
 a αpx1,xqqν̺pγ1px1qq  ̺pγpxqq. (117)
This is a projective representation defined as a unitary representations of G up to
a continuous phase defined by the continuous central group Apmq. Conversely,
given an expression of the form (119) where the elements αpx1, xq are elements of
the second cohomology group, then this is the unitary representation of a central
extension (See section 2.7 of [4]. If G is simply connected so that G  G, then this
is the maximal set of phases that can be constructed.
If G is not simply connected, we must consider the topological central extension
resulting from a nontrivial homotopy. As G is simply connected, its homotopy
group is trivial and any loop can be continuously deformed into the null loop. The
kernel of the projection π : G Ñ G : γ ÞÑ rγ is the homotopy group kerπ  A  G
that is a discrete central subgroup. The continuous curves
γ : r0, 1s Ñ G, γap0q  e, γap1q  a, a P A, (118)
project onto loops in G, as πpaq  e, that are representatives of the homotopy
classes. If the there is a point t1 P r0, 1s such that γpt1q  a1, then the projected
loop winds twice, and if there are n-1 such points, γptiq  ai the projected loop
winds n times. If we consider the case γptq  γ1ptqγ2ptqγ3ptq
1
with γip0q 
e, γip1q  γi, then this has the property that γ1γ2γ3
1
 a projects onto a loop
where rγ1rγ2rγ
1
3
 e . Thus the product rγ1rγ2  rγ3 is associated with a homotopy
class that in the covering group is just
γ1γ2  aγ3. (119)
The unitary representation of (119) is ̺pγ1q̺pγ2q  e
iφ̺pγ3q where e
iφ
 ̺paq
are the discrete phases that are the unitary representations of the discrete center
A. This again has the form of a unitary representation up to a phase and is the
maximal set arising from a discrete central group. However, these phases due to
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the homotopy cannot be realized locally in terms of the algebra. This is a nonlocal
effect and it does not appear in the local expression for the representation up to a
phase given in (117).
As the full central extension has a maximal center Z  AbApmq, these are the
maximal set of phases that can be so constructed.
Appendix B. Matrix realization of QHapnq
The group QHapnq is a matrix group with elements ΓpR, v, f, r, t, q, p, ε, s, u, ιq
realized by the 2n  6 dimensional matrices












R 0 0 f 0 0 0 p
0 R 0 v 0 0 0 q
vtR f tR 1 r 0 0 0 e
0 0 0 1 0 0 0 t
0 vtR 0 v2{2 1 0 0 s
f tR 0 0 f2{2 0 1 0 u
pq  tvq
t
R pp tfq
t
R t rε 0 0 1 2ι
0 0 0 0 0 0 0 1

Æ
Æ
Æ
Æ
Æ
Æ
Æ
Æ
Æ
Æ

(120)
where rε  ε rt  qtRf  ptRv.
There is no direct algorithm to find matrix groups. However, once the matrices
realizing the group elements are found, it is straightforward to establish that they
indeed are a matrix group. The above realization was inferred by first noting that
Hapnq bs Hpn  1q  HSpp2n  2q where
HSpp2n  2q  Spp2n  2q bs Hpn  1q. (121)
HSpp2mq is known to be a matrix group with elements that are 2m 2 dimensional
matrices of the form


A 0 w
0 1 ι
wt  ζ A 0 1

, A P Spp2mq, w P Rm, ι P R, (122)
where ζ is a symplectic matrix. Furthermore, the matrix realization of the Galilei
group has elements that are n  3 dimensional matrices with the well known form




R v 0 q
0 1 0 t
vtR v2{2 1 s
0 0 0 1

Æ
Æ

, R P SOpnq, v, q P Rn, t, s P R. (123)
These two facts enable us to deduce the above realization of QHapnq. It is
straightforward to verify that matrix multiplication realizes the group product and
inverse (20-21). Furthermore, the derivative at the identity yields a matrix realiza-
tion of the algebra that satisfies the commutation relations (26-28).
Appendix C. Homomorphic groups and degenerate representations
The following is a table of the groups homomorphic to the Weyl-Heisenberg,
Hamilton and Galilei groups. The generators of the homomorphic groups are the
complement set of generators. That is, the union of the set of generators that are a
basis of the normal subgroup and the set that is a basis of the homomorphic group
is a basis for the full group.
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Group Normal Homomorphic Generators of
Subgroup Group Normal Subgroup
Hpnq Ap1q Ap2nq tIu
Hapnq Ap1q SOpnq bs Ap2nq tRu
Apn  1q SOpnq bs Apnq tGi, Ru
Apn  1q SOpnq bs Apnq tFi, Ru
Hpnq SOpnq tGi, Fi, Ru
Gapnq Ap1q Epnq bs Apn  1q tMu
Apn  1q
 
SOpnq bAp1q

bs Apnq tPi,Mu
Apn  2q Epnq tE,Pi,Mu
Hpnq SOpnq bAp1q tGi, Pi,Mu
Ap1q bs Hpnq SOpnq tE,Gi, Pi,Mu
In addition, there is a homomorphism SOpnq Ñ SOpnq with a kernel that is
the normal subgroup Z2. Therefore, for each of the entries above containing an
SOpnq, there is a corresponding homomorphic group with kernel Z2 that has an
isomorphic Lie algebra. This defines a corresponding set of homomorphic groups
that is the same as the above with the bars denoting the cover removed. These
groups are not simply connected and their fundamental homotopy group is Z2.
From Theorem 3, these appear as degenerate representations.
The following is a table of the groups homomorphic to I qHapnq  QHpnq with
a connected normal subgroup.
Normal Homomorphic Generators of
Subgroup Group Normal Subgroup
Ap1q Hapnq bs Hpn  1q tAu , tMu
Ap1q Hapnq bs Ap2n  2q tIu
Ap2q Hapnq bs Hpn  1q tA,Mu
Ap2q Hapnq bs Ap2n  1q tA, Iu , tM, Iu
Ap3q Hapnq bs Ap2nq tI, A,Mu
Apn  3q Hapnq bs Apn  1q tPi, T,M, Iu
Apn  3q Hapnq bs Apn  1q tQi, T, A, Iu
Hpnq bAp2q Gapnq tPi, Gi, R, T,M, Iu
Hpnq bAp2q Gapnq tQi, Fi, R, T,A, Iu
Apn  4q Hapnq bs Apnq tPi, T,M,A, Iu
Apn  4q Hapnq bs Apnq tQi, T, A,M, Iu
Hpn  1q Hapnq bs Ap2q tI, Pi, Qi, E, T u
Hpn  1q bAp2q Hapnq tI, Pi, Qi, E, T,A,Mu
Hpn  1q bAp3q SOpnq bAp2nq tI, Pi, Qi, E, T,A,M,Ru
Hpn  1q bApn  3q Epnq tI, Pi, Qi, E, T,A,M,Fi,Ru
Hpn  1q bApn  3q Epnq tI, Pi, Qi, E, T,A,M,Gi,Ru
Hpn  1q bHpnq bAp2q SOpnq tI, Pi, Qi, E, T,A,M,Fi, Gi,Ru
Again, there are also the homomorphisms resulting from SOpnq Ñ SOpnq. Not-
ing Theorem 3, this shows that the projective representations of the inhomogeneous
Hamilton group has a rich set of degenerate representations.
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Appendix D. Representations of the cover of the groups for n  3
The Hapnq, Gapnq and QHapnq all have a SOpnq subgroup appearing in the
semidirect product. The full central extension requires the cover of these groups
that have a corresponding SOpnq subgroup. The manner of obtaining these cases
follows the method of determining the cover of the Euclidean group Epnq.
The terms of the form Rx, with R P SOpnq realized by n dimensional real or-
thogonal matrices and x P Rn where x is one of v, f, p, q are actually automorphisms
of the form
ςΓpR,0,..0qΓp1, .., x, ...q  Γp1, ...,Rx, ...q. (124)
For n  3, SOp3q  SUp2q with a 2:1 homomorphism π : SUp2q Ñ SOp3q : R ÞÑ
R. Elements R P SUp2q are realized by 2 dimensional complex unitary matrices.
The automorphism action on x is given by representing the x as the 2 dimensional
hermitian matrices x  xiσi where the σi are the Pauli matrices. Then
ς
ΓpR,0,..0qΓp1, .., x, ...q  Γp1, ...,RxR
1
, ...q. (125)
Substituting RxR
1
into the expressions where Rx appears and allowing the j
labeling the Dj matrices to take half integral values gives the representation for the
cover of the groups.
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